Abstract: Using approximate analytical solutions of the nonlinear Richard's equation, simple models for the simulation of water content, pressure head, hydraulic head, and infiltration rate profiles, subject to either constant conditions, time-variable rainfall, or redistribution, are developed. New practical expressions for the time to ponding and infiltration rate at the ground surface for a variable rainfall rate are proposed. These physically based expressions preserve the nonlinearity inherent in the differential equation, may be easily incorporated into storm-water management models, and do not require the concept of infiltration rate capacity. The results are obtained by adopting well-known expressions for the soil-water physical relationships and the simultaneous solution of the Richard's and pressure gradient at the ground equations. To verify the analytical procedure, a new solution of the water-content-based Richard's equation was developed and tested with respect to experimental values, Philip's solution, and Parlange's solution, with excellent agreement. In fact, the present model better predicted the location and shape of the wetting front and the tails after that, than did the classical solutions. The models were also compared with a limited finite-difference solution, with reasonable agreement, and with a solution to the linearized Richard's equation, with poor agreement. Nonlinearity in the differential equation appears to be an important system feature.
Introduction
The phenomenon of infiltration in natural soils represents an important component in the hydrologic cycle and a fundamental piece in storm-water modeling applications in hydrologic engineering. A physically based model of flow through the unsaturated zone is constituted by Richard's equation. Exact solutions of this equation are difficult due to a variety of reasons that include the strong nonlinear dependency of the parameters to the dependent variable and the difficulty in establishing the governing soilwater physical relationships, such as the water-content versus pressure-head relationship and the hydraulic conductivity versus pressure-head relationship. These curves are strongly nonlinear and are affected by the phenomenon of hysteresis in the presence of cyclic wetting and drying conditions occurring in natural watersheds. In addition, the pressure head at the ground surface ͑i.e., the top soil boundary condition͒ is controlled by mass balance and ultimately rainfall rate, which exhibits an unusual time variability, difficult to characterize deterministically. Other complications involve the characterization of soil heterogeneity in the hydraulic conductivity. For these reasons, only a limited set of solutions to Richard's equation have been developed under ideal laboratory assumptions. Even under these circumstances, the application of these solutions is difficult and hydrologic engineers have traditionally opted for simple empirical equations of infiltration ͑Serrano 1997͒.
In the past, special solutions of the horizontal and vertical infiltration equations under constant boundary conditions were reported by soil physicists ͑e.g., Philip 1955 Philip , 1972 Parlange 1971; Philip and Knight 1974͒ . Exact solutions for constant flux infiltration using Lie-Backlund transformations were reported in Broadbridge and White ͑1988͒. Attempts to apply infiltration models to watershed conditions have adopted a domain discretization and a numerical approximation with special treatment ͑i.e., Freeze 1971͒ or a linearization and an analytical solution. Stochastic analyses have been helpful in characterizing soilparameter variability of infiltration ͑Dagan 1983; Yeh et al. 1985; Serrano 1990a ,b͒. Serrano ͑1998͒ presented a procedure to approximate the water-content version of Richard's equation under constant boundary conditions with extensions to the stochastic characterization of hysteresis and temporal rainfall variability. Because of the data requirements, the application of these models is usually beyond the realm of practical field applications. Recent studies have focused on the perfection of sophisticated implicitnumerical and semianalytical algorithms of the nonlinear Richard's equation ͑e.g., Vauclin et al. 1976; El-Hames and Richards 1995; Short and Dawesian White 1995; Tabuada et al. 1995; Moldrup et al. 1996; Corradini et al. 1997 Corradini et al. , 2000 Romano et al. 1998; Š tekauerováá et al. 1999; Van Dam and Faddes 2000; Zhang et al. 2002; Pachepsky et al. 2003; Tartakovsky et al. 2003͒ .
The objective of the present paper is to present new physically based models of infiltration that preserve the inherent system nonlinearity, while offering the flexibility and simplicity required in practical hydrologic applications. With some variants, we apply the same general mathematical procedure followed in Serrano ͑1998, 2003b͒, but this time aimed at the more popular pressure- head version of Richard's equation, especially at the development of simple expressions that allow the engineer simulation of water content, pressure head, and infiltration rate profiles at depth, and ultimately at the development of expressions for the time to ponding and ground-surface infiltration rates under either time-variable rainfall or redistribution.
The paper is organized as follows: starting with well-known soil-water physical relationships ͑second section͒, the pressure gradient during precipitation is treated as a boundary value in itself and solved to obtain an expression for the limiting pressure head at the ground surface ͑third section͒. Richard's equation is then solved simultaneously with the latter to produce two alternative models of the pressure-head profile ͑fourth section͒. The analytical procedure is tested via development of a new solution to the water-content-based equation and comparison with the classical solutions ͑fifth section͒. The models are also compared with a limited finite-difference solution and with a solution to the linearized Richard's equation ͑also in the fifth section͒. Subsequently ͑sixth section͒, expressions to estimate the time to ponding, infiltration rate at depth, infiltration rate at the ground surface, and infiltration rate subject to time-variable rainfall are derived for practical applications in hydrologic engineering. Infiltration models are compared with the Green and Ampt model.
Soil-Water Physical Relationships
The starting point of a physically based model of water movement in the unsaturated zone faces the difficulty of defining the governing characteristic curves in a soil of interest. Although current efforts are underway to develop theoretically based equations for the water content versus pressure head relationship and the hydraulic conductivity versus pressure head relationship, empirical equations that ignore the complexities of hysteresis, heterogeneity, and fingering continue to be used amongst hydrologists ͑e.g., Gardner 1960; Brooks and Corey 1966; Visser 1966; Laliberte 1969; Gardner et al. 1970a,b; White et al. 1970; Su and Brooks 1975; Van Genuchten 1978͒. One of the simplest empirical equations for the water content versus pressure head relationship was proposed by Gardner et al. ͑1970a,b͒ . We can adapt this formula according to the fact that the water content oscillates nonlinearly between a minimum ͑wilting point͒ value corresponding to hygroscopic water and an air-entry pressure head, beyond which the saturated water content is a constant function of the pressure head:
where ϭvolumetric water content; ϭsoil-water pressure head expressed in an equivalent column of water ͓L͔; m ϭminimum pressure head ͓L͔; a ϭair-entry pressure head ͓L͔; b is a constant; and a is a constant ͓L Ϫb ͔. From Eq. ͑1͒, the porosity may be taken as nϭa( a Ϫ m ) b .
Modifying the values of a and b, a variety of soils ranging from clays to sands may be simulated. Problems with Eq. ͑1͒ arise as the pressure head approaches zero ͑Hillel 1980͒. Differentiating with respect to , we obtain
where C()ϭspecific moisture capacity. Within the range of m ϽϽ a , Eq. ͑2͒ might be a smooth and adequate representation. For the hydraulic conductivity versus pressure head relationship, we may modify the Gardner ͑1960͒ expression to conform to the fact that conductivity oscillates nonlinearly between a minimum value at the wilting point and a maximum at saturation, beyond which conductivity is a constant function of pressure head
where Kϭhydraulic conductivity ͓L T Ϫ1 ͔; mϭconstant; and cϭ constant ͓L 1Ϫm T Ϫ1 ͔. According to Eq. ͑3͒, the saturated hydraulic conductivity may be taken as K s ϭc( a Ϫ m ) m . By altering the values of c and m, a variety of soil types may be represented.
From Eqs. ͑2͒ and ͑3͒, the soil-water diffusivity is given by
and infinity otherwise. In Eq. ͑4͒, Dϭsoil-water diffusivity ͓L 2 T Ϫ1 ͔. From Eq. ͑4͒ a limiting diffusivity value, near saturation, may be assumed as D a ϭ␣( a Ϫ m )
␤ . Although mathematically one expects the diffusivity to approach a delta function at saturation, a finite numerical value near saturation will allow us to perform calculations of pressure heads and infiltration rates at the ground surface after the time to ponding. Infiltration rates during this condition have important applications in flood hydrology.
From Eqs. ͑2͒ and ͑3͒, we obtain the function, M, that often appears in versions of Richard's equation:
and zero otherwise. A limiting value at near saturation may be taken as M a ϭ␥( a Ϫ m ) ␤Ϫ1 .
Pressure Head at Ground Surface
Consider a vertical layer of homogeneous soil bounded at the bottom by the water table ͑or, more precisely, the air-entry pressure point͒, which has an elevation head zϭ0, where zϭvertical distance pointing upwards ͓L͔. The top soil is limited by the ground surface, which has an elevation zϭl z , where l z ϭthickness of the soil column ͓L͔. At the bottom, the pressure head is a . In the limiting soil layer at the top, the pressure head varies according to a corresponding mass balance between precipitation, evapotranspiration, and infiltration rates. A representation of Darcy's law in combination with mass balance at the top of the soil results in a pressure-head gradient given by
where pϭprecipitation rate ͓L T Ϫ1 ͔; eϭevapotranspiration rate ͓L T Ϫ1 ͔; and Eq. ͑3͒ has been used. Eq. ͑6͒ constitutes the top boundary condition of the boundary-value problem assumed governed by Richard's equation between zϭ0 and zϭl z . The difficulty lies in the fact that Eq. ͑6͒ contains , which must be known a priori in order to solve Richard's equation for . To circumvent this problem, we consider Eq. ͑6͒ as a boundary value problem in itself, obtain an approximate solution for the pressure head, and solve it simultaneously with Richard's equation. Eq. ͑6͒ is a nonlinear equation. A decomposition expansion appears promising, because it does not require linearization or discretization ͑Serrano 1995, 1998, 2001a͒ . Defining L z ϭ‫ץ/ץ‬z and the operator L z Ϫ1 as the indefinite integral with respect to z, a decomposition expan-
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sion of the solution to Eq. ͑6͒ may be defined in a manner described in Serrano ͑1995, 1998 as
The convergence of the terms depends on the values of the parameters and the dimensions of the soil column. For domain sizes that satisfy the Lipschitz condition ͑Oden 1977͒, it can be seen that the series converges fast. For a rigorous mathematical discussion on the convergence problem of decomposition series, the reader is referred to Abbaoui and Cherruault ͑1994͒, Cherruault ͑1989͒, and Cherruault et al. ͑1992͒. It is also important to mention the rigorous mathematical framework for the convergence of the decomposition series developed by Gabet ͑1992, 1993 . He connected the method of decomposition to wellknown formulations where classical theorems ͑e.g., fixed point theorem, substituted series, etc.͒ could be used. For a discussion on the convergence of decomposition series of convectiondiffusion equations, including a theorem with proof, see Serrano ͑1998͒. For additional comparisons between exact and truncated decomposition solutions, see Serrano and Adomian ͑1996͒.
The individual terms in Eq. ͑7͒, j , and the Adomian polynomials A j are sequentially calculated as
A useful approximation to the series in Eq. ͑8͒ is given as
We remark that Eq. ͑9͒ is not the exact solution to Eq. ͑6͒, because higher-order terms have been neglected. Eq. ͑9͒ may provide an initial estimate of the pressure head due to certain precipitation conditions, and of the pressure-head gradient and divergence, which appear in Richard's equation:
Approximate Solution of Richard's Equation
Having defined constitutive relationships for the soil and the pressure head at the ground surface, we now attempt an approximate solution to the pressure-head version of Richard's equation in the same column of soil ͑Hillel 1980͒:
where the elevation of the lower boundary, z a (t), changes with time depending on the recharge conditions. During infiltration z a (t) increases with time. In Eq. ͑11͒, i (z) is an arbitrary initial condition ͓L͔, and the rest of the terms are as before. From Eqs. ͑4͒ and ͑5͒, Eq. ͑11͒ may be written as
where the operator L t Ϫ1 represents the definite integral from zero to t. Our problem now consists in the simultaneous solution of Eqs. ͑13͒ and ͑9͒. A decomposition expansion of Eq. ͑13͒ yields the series ϭ ͚ jϭ0 ϱ j . The first term is 0 ϭ i . Using Eq. ͑10͒, the second term is given as
If the first two terms were a good approximation, substitution of Eqs. ͑4͒, ͑5͒, and ͑9͒ results in a simple expression to describe the pressure-head profile at different times for either precipitation or redistribution conditions: where S(pϪe) is the ''sign function'': S(pϪe)ϭ1 when pϾe, and S(pϪe)ϭϪ1 when pϽe ͑i.e., redistribution͒. Eq. ͑15͒ will be a good approximation, if the inclusion of more terms in the series does not substantially alter the results obtained with Eq. ͑15͒. See Serrano ͑1998͒ for a detailed discussion and a convergence theorem. To include more terms in the series, and to obtain a partial closure, we resort to the concept of double decomposition ͑Adomian 1994͒. From Eqs. ͑13͒ and ͑14͒:
Expanding:
where the A j and B j polynomials are sequentially calculated with the 1 j terms as
Eqs. ͑4͒ and ͑5͒ into ͑18͒, assembling the series, and neglecting high-order terms:
Therefore, the alternative model converges to
Eq. ͑20͒ constitutes an approximation to the coupled boundary ͓Eq. ͑6͔͒ and domain equation ͓Eq. ͑11͔͒. A successive approximation process could be attempted at this point by using Eq. ͑20͒ to obtain an improved solution to nonlinear Eq. ͑6͒, which in turn is used to improve the domain solution. However, numerical verification suggests that Eq. ͑20͒ is a reasonable, simple approximation.
Verification with Existing Solutions
In this section we attempt a verification of the models with some of the existing classical solutions of the unsaturated flow equation, with experimental values, and with numerical solutions. Many of the classical solutions were developed for the water content version of Richard's equation. Two widely accepted contributions are those of Philip ͑1955͒ and Parlange ͑1971͒. The horizontal infiltration equation in a semiinfinite homogeneous soil with a constant boundary condition maintained on one end is
where xϭhorizontal distance; b ϭconstant water content at the left boundary; i ϭinitial water content; and the rest of the terms are as before. We illustrate the application of Eq. ͑21͒ to the experiment reported in Serrano ͑1998͒ on a Guelph clay loam with a fitted soil-water diffusivity given by
where c 1 ϭ1 m 2 /h, ϭ500, ␣ϭ11, and the boundary and initial conditions b ϭ0.458 and i ϭ0.086, respectively. For comparison purposes, we introduce here a new, simpler solution to Eq. ͑21͒ than that in Serrano ͑1998͒. One possible decomposition expansion of Eq. ͑21͒ is
where the E j polynomials are recursively calculated based on successive components of the series Ϸ͚ jϭ0 N j . Proceeding as in the last two sections
If we use the approximation D()ϷD( 0 )ϭE 0 , then Eq. ͑23͒ reduces to the classical heat flow equation with a constant coefficient and whose solution is ͑Zauderer 1983͒
where erfc͑ ͒ denotes the ''error function complement.'' Now, we calculate E 1 and obtain an improved diffusivity
Eq. ͑23͒ becomes
This process may be continued. However, when decomposition series converge, they do so very fast and only a few terms are needed. Thus, if 2 is a good approximation, we may use it to obtain an improved, final version of the diffusivity:
which we use in Eq. ͑22͒ to obtain a final solution Fig. 1 shows the water content versus distance according to Eq. ͑28͒, Philip ͑1955͒, Parlange ͑1971͒, and experimental observation at tϭ1 h. Fig. 2 shows the same situation at tϭ3 h. Eq. ͑28Ј͒ appears to be in good agreement with the other solutions and with the observed data. In fact, Eq. ͑28Ј͒ appears to predict better the position of the wetting front and the shape of the tail after the sharp decline in the front than do Philip ͑1955͒ or Parlange ͑1971͒. The latter two appear to overestimate the location of the wetting front.
Next, we verify Eq. ͑12͒ numerically. A numerical solution of Eq. ͑12͒ that preserves the spatial nonlinearity of the differential equation, while allowing a homogeneous comparison with Eq. ͑20͒ using the same soil-water characteristic curves, is a seminumerical scheme ͑Serrano 1992͒. Discretizing the time domain at equal time intervals, ⌬t, and replacing the time derivative by a simple backward finite-difference approximation, Eq. ͑12͒ becomes 
where k ϭpressure head along the soil column at the previous time step (tϪ⌬t); and ϭpressure head continuous in z at a discrete time t. Extensive simulations indicated that Eqs. ͑29͒ and ͑20͒ are close to one another when the simulation time t is small. Consider, for example, a soil column with the following characteristics: l z ϭ100 cm, a ϭ0, m ϭϪ300 cm, aϭ10 Ϫ8 cm Ϫb , bϭ3.1,
•h Ϫ1 , and mϭ4. The parameter values should be fitted to laboratory measurements of sample soil-water content, pressure head, and hydraulic conductivity. In general, one would expect higher values of the exponents b and m, and of the minimum pressure head, m , in coarse-textured soils than in finetextured soils. Fig. 3 shows a comparison between Eqs. ͑20͒ and ͑29͒ after an arbitrary initial condition when tϭ1, 4, 6, and 10 h, respectively; pϭ1 cm•h Ϫ1 ; and eϭ0.1 cm•h Ϫ1 . Fig. 4 shows a similar comparison during redistribution conditions when tϭ6 and 12 h, respectively; pϭ0; and eϭ0.5 cm•h Ϫ1 ͑intentionally exaggerated͒. As t or p increases, Eq. ͑29͒ tends to depart from Eq. ͑20͒. The discrepancy is more accentuated as z increases. Nonetheless, for typical reaction time scenarios during rainfall conditions, the numerical and analytical solutions appear to agree reasonably. Now observing that Eq. ͑29͒ is identical to Eq. ͑15͒ when t is substituted by ⌬t, we conclude that Eq. ͑15͒ is also a good approximation. It is well known that the linearized Richard's equation is not a good model of infiltration in the unsaturaded zone. A situation when Eq. ͑12͒ justifies a linearization is when →0, then D() →D a and M ()→0. Eq. ͑12͒ approaches the diffusion equation
subject to Eq. ͑6͒. From Eqs. ͑10͒, ͑13͒, and ͑14͒, a simple twoterm decomposition solution to Eq. ͑22͒ gives Fig. 5 shows a comparison between Eqs. ͑20͒ and ͑23͒ at t ϭ4 h after an arbitrary initial condition. As expected, the linearized model differs significantly from the nonlinear model, especially as z increases. The discrepancy between the two increases significantly with t.
Applications to Modeling of Infiltration
Eqs. ͑15͒ and ͑20͒ constitute the basis of simple models of infiltration in the unsaturated zone. They may be used to predict the pressure-head profile after known or assumed initial conditions as in Figs. 1 and 2 , where a shallow water table determines the presence of the saturated zone some short distance near the ground surface. They could also be used in soils above a deep water table. For instance, if in the previous examples, the water table is at an unknown depth, we may locate the origin of the coordinate z at an arbitrary depth of 100 cm. Fig. 6 illustrates the pressure-head profiles according to Eq. ͑15͒ during a rainfall intensity of 5 cm/h after an arbitrary initial condition of i ϭ Ϫ100 cm.
The calculation of hydraulic head is simply obtained as h(z,t)ϭ(z,t)ϩz. The water-content profile may be simulated by substituting Eq. ͑15͒ into Eq. ͑1͒. Infiltration rates at any depth and any time are obtained from Darcy's law and Eq. ͑15͒:
where q(z,t)ϭinfiltration rate ͓L T Ϫ1 ͔:
b (z) is given by Eq. ͑9͒; ‫ץ‬ b /‫ץ‬z, ⌽ 1 (z), and ⌽ 2 (z) by Eq. ͑10͒; and M (z) by Eq. ͑5͒. An alternate equation of infiltration rate may be obtained from Eq. ͑20͒. As an illustration, Fig. 7 shows the infiltration rate profiles ͑positive downwards͒ corresponding to the conditions in Fig. 6 , excluding the limiting boundary layer at the ground surface.
Often, the engineering hydrologist wishes to calculate the infiltration rate versus time at the ground surface. Ground-surface infiltration rate evolution is an integral part of storm-water and flood forecasting hydrologic models. Prior to the time of ponding, t p ͓T͔, the infiltration rate at the ground surface remains at q(l z ,t)ϭ f (t)ϭp, when the saturated hydraulic conductivity K s Ͻp. The time of ponding, or the time when (l z ,t p )ϭ a , may be calculated from Eq. ͑15͒ by setting zϭl z , tϭt p , and ϭ a ͑zero in the present example͒, then solving for t p :
This equation provides a simple relationship between precipitation rate and the soil-water physical relationships on the one hand, and the time required to achieve saturation at the top layer. It could also be used to estimate the time, tϾt p , that the wetting front needs to reach a given elevation z.
When tϾt p , using Darcy's law and Eq. ͑6͒, we obtain an approximation to the infiltration rate:
where (l z ,t) is given by Eqs. ͑15͒ or ͑20͒; and downward flow has been taken as positive. In Eq. ͑38͒ there is no chance of pressure head recovery ͑i.e., p is constant͒ and Eq. ͑15͒ for the case of infiltration reduces to 
where D a and M a are given by Eqs. ͑4͒ and ͑5͒, respectively. Thus, we arrived at a simple concept suggesting that the infiltration rate depends on the evolution of the ratio of dry-soil conductivity to its current value at the ground surface and the precipitation ͑and evaporation͒ rate. Continuing with our previous example, from Eq. ͑37͒ the time of ponding for the case of Figs. 6 and 7 is t p ϭ2.69 h. Fig. 8 shows the infiltration rate according to Eq. ͑38͒. A difference between Eq. ͑38͒ and existing models is that the predicted infiltration rate f (ϱ)ӶK s , instead of the normally accepted f (ϱ)→K s , although some soil physicists do not accept the latter ͑Dixon 1976; Collis-George 1977; Ghosh 1980͒ . Comparisons between Eq. ͑38͒ and existing infiltration models is difficult, because most hydrologic models of infiltration rely on empirical parameters ͑Serrano 1997͒. One exception is the popular Green and Ampt ͑1911͒ model, which arises from a finitedifference approximation of Darcy's law. It continues to be widely used due to its simplicity of implementation, and even some explicit solutions have recently been proposed ͑Serrano 2001b, 2003a͒. The infiltration rate according to Green and Ampt ͑1911͒ is given by
where f ϭpressure head at the wetting front, assumed constant through time; Fϭcumulative infiltration depth; and i ϭinitial soil-water content, assumed constant through a deep soil. To compare Eq. ͑40͒ with Eq. ͑38͒, we take i ϭ͓ i (l z )͔ using Eq. ͑1͒.
The pressure head at the wetting front is assumed constant in Eq. ͑40͒, even though it represents a region of rapidly changing pressure. If we adopt an average between the initial and maximum pressure head ͓i.e., f ϭ( i ϩ a )/2], we obtain a parameter d ϭ17.09 cm. Another difficulty with Eq. ͑40͒ is the estimation of the time to ponding. If we use an equation typically employed with Green and Ampt's model ͑Dingman 1994͒, t p ϭK s d/͓ p(p ϪK s )͔ϭ0.66 h. A comparison between Eqs. ͑38͒ and ͑40͒ is shown in Fig. 8 . The two models only coincide at one point. Green and Ampt's model produces an earlier time to ponding, a faster initial decline in the infiltration rate, and a sustained higher infiltration rate after prolonged wetting than are predicted by Eq. ͑38͒. After about 30 h, Eq. ͑38͒ estimates the infiltration rate at less than 0.01 cm/h, whereas Eq. ͑40͒ reaches the expected f ϷK s after tϾ1ϫ10 5 h. In general, the differences between the two models are less marked when the precipitation rate decreases.
Until now, we have considered constant precipitation rates, p, for simplicity. However, our previous development does not require p to be constant in time. In general p is a continuous, timedependent variable. If p(t) is known, it needs to be part of the integration in Eq. ͑13͒. In hydrologic applications p is usually provided as constant values within a given time interval, typically 1 h, by the weather reporting agencies. In this instance, pressurehead profiles would respond according to the varying precipitation conditions. Of special interest in storm-water management models is the simulation of ground-surface infiltration rates subject to variable hourly precipitation rates during a storm. In this case, Eq. ͑38͒ may be easily adapted to sequential simulations. Therefore, if rainfall rates, p j , jϭ1,2, . . . , are given at discrete times, ⌬t-that is, if the precipitation vector Pϭ͓ p j H(tϪ j)H( j ϩ1Ϫt)͔, where H( )ϭHeaviside unit step function-the infiltration rate at a given time interval j is given from Eqs. ͑38͒ and ͑39͒ as 
where min͑ ͒ denotes the ''minimum'' operator. Application of Eq. ͑41͒ requires the sequential ͑e.g., hourly͒ updating of j and its substitution into f j . As an illustration, Fig. 9 shows a comparison between precipitation rate during an arbitrary hourly rainfall storm and the corresponding simulated infiltration rate from Eq. ͑41͒ using the same soil parameters as before. Prior to the time of ponding, infiltration rates equal those of precipitation. After ponding is achieved during a given interval, infiltration rates decrease. During intervals without precipitation, the pressure head and hydraulic conductivity decrease and thus infiltration rates recover during subsequent rainy periods. Thus, Eq. ͑41͒ constitutes a practical, physically based model of infiltration that does not require the concept of infiltration rate capacity often used in empirical models, and that is applicable to conditions prior to or after ponding.
It still remains to investigate in a future work the incorporation of heterogeneity in the hydraulic conductivity. It is relatively simple to modify the preceding development once a functional form of heterogeneity in K is known. Two scenarios that could be easily considered are those in which the soil-water physical relationships characterize the soil at specific intervals, or soil layers, and those in which a family of curves represent the spatial statistic variability in the soil parameters. Some possible models have been proposed in Serrano ͑1990a,b, 1998 .
Summary and Conclusions
Using approximate analytical solutions to Richard's equation, simple models of infiltration and flow in the unsaturated zone were developed. Starting from well-known soil-water physical relationships, the pressure gradient during precipitation was treated as a boundary value in itself and was solved to obtain an expression for the limiting pressure head at the ground surface. Richard's equation was then solved simultaneously with the latter, and two alternative models of the pressure-head profile were obtained. To verify the analytical procedure, a new solution of the watercontent-based Richard's equation was developed and tested with respect to experimental values, Philip's ͑1955͒ solution, and Parlange's ͑1971͒ solution, with excellent agreement. In fact, the present model better predicted the location and shape of the wetting front and the tails after that, than did the classical solutions. The models were also compared with a limited finite-difference solution, with reasonable agreement. However, a comparison with a solution to the linearized Richard's equation showed marked discrepancies that increased with the value of rainfall rate and with time. The models may be used to simulate pressure head, hydraulic head, and water content profiles. Subsequently, expressions to estimate the time to ponding, infiltration rate at depth, infiltration rate at the ground surface, and infiltration rate subject to time-variable rainfall were derived. Comparison between the current models and empirical equations of infiltration is difficult. A comparison with the Green and Ampt infiltration model suggests that the two approaches give different results. The Green and Ampt model, which results from a linearization in the hydraulic gradient, and the assumption of a constant pressure head at the wetting front, produces an earlier time to ponding, a more rapid decline in the initial infiltration rate, and a higher sustained value of infiltration rate after prolonged wetting than predicted by the current models. Future research should be devoted to additional comparisons in soil columns. The derived physically based expressions lend themselves easily to effective precipitation calculations in models of storm-water management without the need for empirical infiltration equations or the concept of infiltration rate capacity. The results suggest that nonlinearity in the differential equation is very important and that systems that utilize a form of numerical linearization may yield wide discrepancies in the forecasts. Another front of future research is extension of the preceding formulation to the inclusion of heterogeneity in the hydraulic conductivity. 
